(N 

o 

(N 



< 






(N 

O 



X 



STRICTLY SINGULAR NON-COMPACT OPERATORS 
ON A CLASS OF HI SPACES 

ANTONIS MANOUSSAKIS AND ANNA PELCZAR-BARWACZ 



Abstract. We present a method for constructing bounded strictly singular non-compact 
operators on mixed Tsirelson spaces defined either by the families (An ) or [Sn ) of a certain 
class, as well as on spaces built on them, including hereditarily indecomposable spaces. 



Introduction 



W.T. Gowers and B. Maurey, solving the unconditional problem in [18J, introduced the no- 
tion of an hereditarily indecomposable (HI) Banach space. Recall that a Banach space X is 
indecomposable if it cannot be written as a direct sum of its two infinitely dimensional closed 
subspaces, and is hereditarily indecomposable if every closed subspace is indecomposable. The 

["t I ' main feature of a complex HI Banach space, shared also by Gowers-Maurey space, is that every 

bounded operator on the space is a strictly singular perturbation of a multiple of the identity. 
S.A. Argyros and A. Tolias, [TT] proved that in any HI Banach space every bounded operator is 
either strictly singular or has finitely dimensional kernel and restricted to the complement of its 
kernel is an isomorphism. The results on the structure of the operators on HI spaces brought 
the attention to the "scalar-plus-compact" problem stated by J. Lindenstrauss [17], who asked 
if there exists a Banach space on which every bounded operator is a compact perturbation of 
^ , a multiple of the identity. The prime candidate to be considered in this context was Gowers- 

C^ ' Maurey space Xgm- However, after W.T. Gowers, [T3] who built a bounded strictly singular 

non-compact operator on a subspace oi Xqm, G. Androulakis and Th. Schlumprecht, [3] con- 
structed a strictly singular non-compact operator on the whole space Xgm- I- Gasparis |13| 
achieved the same in Argyros-Deliyanni space Xad of [3]. Finally, the "scalar-plus-compact" 
problem was solved recently by S.A. Argyros and R. Haydon, [7], who gave a method to con- 
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p^ , struct an ^oo HI Banach spaces with the "scalar-plus-compact" property. The existence of a 

reflexive Banach space with the "scalar-plus-compact" property remains an open problem. In 
this context a natural question concerns the existence of a non-trivial strictly singular operators 
on mixed Tsirelson spaces and HI spaces who have these spaces as a frame. Recall here that 
non-trivial strictly singular operators were constructed also on subspaces of mixed Tsirelson 
spaces and spaces built on them [5J [1^1 [H] . 

In the present paper we present a method for constructing bounded strictly singular non- 
compact operators in a class of mixed Tsirelson spaces defined either by the families An or 
Schreier families 5„, as well as in spaces built on them, including HI spaces. Let us a recall 
that a mixed Tsirelson space defined by a sequence of regular families J>, of finite subsets of N 
and a sequence 9n \t 0, denoted by T[(7>i,0„)„], has norm satisfying the implicit equation 



xll = max < ||x||oo,sup0„ sup < > ll-EixH : {Ei)^^^ — J>i — admissible 




The famous Schlumprecht space is the space r[(^„, l/log2(»T. + !))«]■ Families (iS„) define 
asymptotic €i mixed Tsirelson spaces introduced in [3]. 

We construct a bounded strictly singular non-compact operator on any mixed Tsirelson space 
defined by the families iS„, with the property liminf„ On+k/On > c > for any fc £ N, as well as 
in a class of Banach spaces built on its base, including the space Xad and their alike. Let us 
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2 ANTONIS MANOUSSAKIS AND ANNA PELCZAR-BARWACZ 

recall that I. Gasparis construction of an operator on the HI spaces built on such mixed Tsirelson 
spaces is based on the existence of Cg-spreading models in the dual space. In the spaces we 
consider such a property does not seem to hold in general. Gasparis method was adapted in 
[6] for constructing HI spaces, built on spaces T[{An,—)j)], with diagonal strictly singular 
non-compact operators, as well as for constructing non-trivial strictly singular operators on 
asymptotic ip HI spaces |12| . 

Our method was inspired by the approach of [3J and [6J. As in case of |i3j, we base our 
construction on the unconditional components building spaces of the considered class (recall 
that in I. Gasparis construction strict singularity of the operator follows by HI property). In 
particular we consider spaces built on mixed Tsirelson spaces with the following property: the 
basis of the considered space is asymptotically equivalent to the basis of the underlying mixed 
Tsirelson space. 

In order to construct an operator on the space defined by Schreier families (iS„) we need a 
periodic version of rapidly increasing sequences. Using this notion we construct block sequences 
vectors (xn) and associated norming functionals (/„) with tree-analysis modeled on a fixed 
infinite tree. We show next that the operator Tx = X^^i fqni^)^tr,, for appropriate choice of 
{(In), (tn), is bounded and strictly singular. This method applies also to a class of spaces defined 
by families (An) with Schlumprecht space parameters property, i.e. satisfying 0nn°' — > -|-oo for 
every a > 0. In such spaces our argument simplifies since we can use the classic notion of 
rapidly increasing sequences instead of its periodic versions, and our definition coincides with 
the construction of f5], however, we approach differently the constructed functionals in deriving 
the desired properties of the operator built on them. 

The crucial feature of the tree construction of (/„) is that for appropriate choice of parameters 
it resembles property of being a Cg- or cp-spreading model. More precisely we pick some 
(rj), (rij) C N with (rj/rij) increasing arbitrary fast, such that for any j < F € Sr , the norm 
of J2neF fn is Controlled, up to some "error" part, which should be dealt with separately, by 
rij. This makes the behaviour of (/„) "close enough" to cp-type behaviour to obtain the desired 
properties of the operator. Dealing with the "error" part relies on asymptotic representation of 
the basis of underlying mixed Tsirelson space in the considered space, mentioned above. 

Non-compactness of the operator is ensured by seminormalization of (/„), implied by semi- 
normalization of corresponding vectors (a:„). The last property, due to the periodic structure 
inscribed in the tree-analysis, requires delicate computation, made in original mixed Tsirelson 
spaces, and then transfered to a class of Banach spaces built on them. 

The paper is organized as follows. The first section contains the preliminaries. In the 
second section we consider a general method of construction of a bounded strictly singular 
non-compact operator on a given space, whose variant we shall use in the case of spaces built 
on mixed Tsirelson spaces. In the third section we recall basic properties of the mixed Tsirelson 
spaces defined both by the families (An) and (iS„). The forth and fifth sections contains the 
main results. In the forth section we define the periodic averages and prove upper estimations 
for their norms, which provides tool for showing non-compactness of the constructed operator. 
The sixth section is devoted to the construction of a bounded strictly singular and non-compact 
operator on a space defined by the families Sn- At the end we sketch the construction in the 
case of the families An, simplifying the arguments used for the Schreier families. 
Acknowledgements. We are grateful to Professor Spiros Argyros for valuable discussions. 

1. Preliminaries 

We recall the basic definitions and standard notation. 

By a tree we shall mean a non-empty partially ordered set (7~, <) for which the set {y £ T '■ 
y di x} is linearly ordered and finite for each x e T. The tree T is called finite if the set T is 
finite. The root is the smallest element of the tree (if it exists). The terminal nodes are the 
maximal elements. A branch of T is any maximal linearly ordered set in T. The immediate 
successors of a; G 7", denoted by succ(a;), are all the nodes y G 7" such that x ^ y but there is 
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no z G 7" with x ^ z < y. If 7~ has a root, then for any node a G T we define a level of a, 
denoted by |a|, as the length of the branch linking a and the root. We refer to [T2| for more 
information on trees. 

By [N]*~°° we denote the family of ah finite subsets of N. Given any u = (ni,...,^^) e [N]^°° 
and n G N we let v'~^n = (rii, . . . , n^, n). A family of 7^ of finite subsets of N is said to be regular 
if it is 

(1) compact as a subset of {0, 1}^ with the product topology, 

(2) hereditary, i.e. if F C G and G £ T then F G J^ 

(3) spreading, i.e. if mi < ni, . . . , rud < Ud then {ni)f^^ G T whenever {mi)f^-^ G T. 

Given a family J^ C [N]^°° we say that the sequence of sets Ei, . . . ,Ed C N is J^-admissible, 
if maxi^i < min_B2 < max_E2 < ••• < minEd and {inmE.i)f^^ G J-". Given two families 
J',g C [N]<°° we define T[g] as 

J^IG] = {Fi U • • • U Fd : Fi, . . . , Fd G e, (Fi, . . . , F<i) - -F-admissible} . 

We work on two types of families of finite subsets of N: {An)nefi ^^nd (iS„)„gN- Let An = {F C 
N : #F < n}, rt G N, and define inductively Schreier families {Sn)n<£N, [M, by 

So = {{k}: fcGN}U{0}, 

Sn+i=Si[Sn], neN. 

It it well known that the families (An), (Sn) are regular. 

Let X be a Banach space with basis (e;). The support of a vector x ~ "^.^XiCi is the set 
suppx = {i € N : Xi ^ 0}. Given any x = J^i '^i^i ^-nd finite F C N put Ex = J2i£E '^i^i- We 
write X < y for vectors x,y ^ X, if maxsuppa; < minsuppy. A block sequence is any sequence 
(xi) C X satisfying xi < 2:2 < . . . , a block subspace of AT - any closed subspace spanned by an 
infinite block sequence. 

Let J^ be a regular family of finite subsets of N. We say that a finite block sequence {xi)f^-^ 
is J^-admissible if (minsupp(a;i))f^]^ G T. Given a family J^ and a scalar 9 G (0, 1] by the (J^, 6)- 
operation we mean an operation which associates with any J^-admissible sequence [xi, . . . , Xd) 
the average 6{xi + • • • + Xd)- 

We shall use in the sequel the following 

Remark 1.1. Let A" be a Banach space with basis and G — (a;*)„ be a seminormalized block 
sequence in the dual space. Let also J^ be a compact family of finite subsets of N. Then the 
space Xg defined as the completion of cqo under the norm 

||a;||G = sup < ^ Ena;* (x) : e„ G {-1, 1}, F G J" > , a; G cqo 

InGF J 

is Co-saturated, by the result of A. Pelczyhski and Z. Semadeni |22j . 

2. A NON-COMPACT STRICTLY SINGULAR OPERATOR IN A GENERAL SITUATION 

We present now a general result is inspired by [6J. It represents a general method, whose 
variant we shall use in case of spaces built on mixed Tsirelson spaces. 

Proposition 2.1. Let X be a Banach space with a basis (e„)„ such that there exists a sequence 
of regular families {J^n)n C [N]^°° with J-k C J-n for any k < n, and a norming set D for X 
such that 

(1) for any e > there is an n^ G N with the following property: for any f E D we have 

{tigN: |/(e„)|>e}e^n, 

(2) there is a basic seminormalized sequence (x*) C X* , a strictly increasing (Nj) C N 
and (sj) C (0, 1) such that ^ ■ SjNj < cxd and for any j G N, any F G J'n^- with 
F > ne,^i we have \\J2neF<\\ ^ ^J ■ 



4 ANTONIS MANOUSSAKIS AND ANNA PELCZAR-BARWACZ 

Then the operator T : X ^ X given by the formula Tix) — X]n=i ^*qn{^)^n, where Qj = n^.^^-^ 
for each n G N, is bounded. If additionally we assume that X does not contain a copy of cq, 
then T is strictly singular. 

The proof of boundedness of T is just repetition of the proof of Prop. 3.1 [5] with necessary 
adjustments. We present this proof here as it wih serve as a basis for showing also strict 
singularity of T. 

Proof. Let x G X and f E D. For any j e N we let 

B, = {nen: e,+i<|/(e„)|<ej} 
C] = {n eB,: n> j, x*Jx) > 0, /(e„) > 0} 
C] - {n e Bj : n> j, x^Jx) < 0, /(e„) > 0} 
Cf = {neB,: n> j, x^Jx) > 0, /(e„) < 0} 
Cj = {neB,: n> j, x*Jx) < 0, /(e„) < 0} 

D,=B,n{i,...,j} 

Then the set A = {(/„ : n £ CH satisfies Qj < A E Fq- by (1), and by (2) satisfies 
WHn^c^ Kr. II < N-J foi- any J e N, A: = 1, 2, 3, 4. 
In order to show boundedness we compute 

oo 

|/(5]<(a;)e„)|<5]| ^<(x)/(e„)| 

oo CXD 4 

<Ei E <(^)/Mi + EEi E KMfi^n)\ 

cso oo 4 

<E-"jj'll^ll+EEl E <(^)|max|/(e„)| 

j=l J = l fc=l nGCj' "^'^J' 

<E(^j-j'+4^^-^j-)ii^ii 

Now we assume additionally that X does not contain a copy of cq. Consider the norm ||-||g- 
with G = {x*^ : n G N} and J" == Tq.^ defined as in Remark O As ||-||g < (iV,„ + qja)\\-\\ 
it follows that for any e > in any block subspace of X there is a vector x with ||a;|| = 1 and 
\\x\\g < £• Fix jo g N and take a vector x with \\x\\g < (io)~^ and ||x|| = 1. Take f £ D, define 
the sets (Bj) as above and estimate 

oo 

|/(^<(x)e„)|<5]| ^<(x)/(e„)|. 

nSN j=l neBj 

For the part X^^li (IX^nes ^o i^)fi^n)\) we repeat the previous estimations, obtaining the 
upper bound 5^^^- SjUj. By the choice of x we have also 

Jo-l jo-1 

E I E <(^)/(e*Ji ^ E E K.(^)i i/(^*")i (2.1) 

j — l n^Bj j—1 n^Bj 

= y^ Prj 2_^ ^nX*q^{x) for Suitable £„ G { — 1,1} 

j=l neBj 

<JoMg<-- 
Jo 
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Putting the estimations altogether we obtain ||rx|| < 5^°^- EjUj + 1/jo while ||a;|| = 1. Since 
we can pick such vector x for any jo and in any subspace oi X, we finish the proof of strict 
singularity of T. D 

In case of spaces built on mixed Tsirelson spaces the large part of the work will be devoted to 
showing that the chosen sequence of functionals is seminormalized (Section 4) , and estimations 
on the norms of the sum of functionals will be more delicate than the assumption (2) (Section 
5). 

3. Spaces T[(J"„,6I„)„] - basic facts 
We recall now the definition of mixed Tsirelson spaces and their basic properties. 

Definition 3.1 (Mixed Tsirelson space). Fix a sequence of families {J-n) — (-^fc„) or {Sk^) 
and sequence [On) C (0, 1) with lini„^oo 0„ = 0. Let K C cqo be the smallest set satisfying the 
following: 

(1) (±e;)„ C K, 

(2) K is closed under the {J- n^ On) -operation on block sequences for any n. 

We define a norm on cqo by \\x\\ ~ sup{/(a::) : / G K}, x G cqo- The mixed Tsirelson space 
T[{Tn,9n)n] is the completion of (cqq, \\ ■ ||). 

It is standard to verify that the norm || • || is the unique norm on Cqo satisfying the equation 

||x|| = max < ||a;||oo, sup Idn^ \\Eix\\ : (-Ej)^^i - Tn - admissible, n G N > > . 

It follows immediately that the u.v.b. (e„) is 1-unconditional in the space T[{J-n,On)n]- It was 
proved in [3] that any T[{Sk„,6n)n\ is reflexive, also any T[{Ak„,On)n] is reflexive, provided 
9n> -^ for at least one n G N, [TDJ. 

Recall that any space T[{Ak„,On)n\ is isometric to some space T[(An,dn)n\ satisfying the 
following regularity condition: OnOm < Onm, n,m gN, therefore we assume in the sequel that 
the considered space is of this regular form. In this case we shall assume additionally that 
Bnu'^ — > +00 for every a > (i.e. the considered space is a 1-space in the terminology of 1201). 

Analogously any space T[{Sk„,dn)n] is isometric to some space T[(5„,^„)„] satisfying the 
following regularity condition: 0„0„i < On+nn n,m £ N, and thus we assume again that any 
considered space defined by Schreier families is of this regular form. 

In the sequel we shall state the results and present proofs valid in both cases of spaces 
defined by {An) and (5„), formulating them in terms of tree-analysis of norming functionals 
and suitable averages. In case of (An) the reasoning gets much more simplified, as we shall 
point out. 

From now on X denotes the space T[{J-n,9n)n\, where (J>i)„ = {An)n or (iS„)„ with (0„) 
satisfying the above regularity conditions, and K denotes its norming set. 

The following notion provides a useful tool for estimating norms in mixed Tsirelson spaces: 

Definition 3.2 (The tree-analysis of a norming functional). Let f £ K . By a tree-analysis of 
f we mean a finite family {fa)aeT indexed by a tree T with a root G 7" (the smallest element) 
such that the following hold 

(1) f(i) = f and fa(zK for all a (z T, 

(2) a G T is maximal if and only if /„ G (±e* ), 

(3) for every not maximal a € T there is some n E N such that (//3)^gsucc(a) ** o,n in- 
admissible sequence and fa — ^n(X]0esucc(Q) fp)- ^^ '^^^^ ^" ^^^ weight of fa and denote 

byw{fa). 
Notice that every functional f E K admits a tree-analysis, not necessarily unique. 
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Notation. Given any norming functional f G K with a tree-analysis {fa)aeT '^i^d, a block 
sequence (xi) we say that fa covers Xi, if a is maximal in T with siipp/a D suppxj n supp/. 

We shall use also the following standard facts. 

Fact 3.3. For any block sequence of norming functionals (fi) on X and any x G cqo we have 

\\J:J^i^)e^\\<M. 

This Fact is an immediate consequence of the fact that ||X]i'^j6i|| < llX^i '^i'^dl fo^ every 
normalized block sequence (ui) and any (a,) C M. 

We shall use the notion of a skipped set. Recall that a set L C N is A/-skipped, for M E N, 
if for any n,m € L we have \n — m\ > M. The following lemma is an easy consequence of the 
definition of an A/-skipped set. 

Lemma 3.4. Let (aj)jgp} be a decreasing sequence of positive numbers with X]ieN% ^ ^ '^^^ 
L e [N] be an M -skipped subset ofN, Me N. Then 

In our proofs we shall use the notion of the basic average and the basic special convex 
combination and some of its basic properties which we recall below. 

Definition 3.5 ([22|j [5], Special averages). Fix n S N and e > 0. 

A) We say that a vector x = — X]r=i ^^t is an e-Pl-vector if ki < ■ ■ ■ < kn and 1/n < e. 

B) We say that a vector x = '^i^p ai&i is an {n,e)-basic s.c.c. (special convex combination), 
if F £ Sn and scalars (oi) C [0, 1] satisfy X]ie_F o-i — ^ o.nd X^igG ^i < £ f'^^ '^'"^V ^ £ Sn-i- 

In the sequel in order to unify the notation we shall call a vector x G r[(J-'„, 0„)„] an (n, e)- 
special basic average either if it is an e — ^"-vector in case Tn = An-, n G N, or it is an (n, £)-basic 
s.c.c. in case J-n — Sn, n £ N. We say that a vector x = X^^gf ^-i^* ^^ ^^ (^' e)-special average of 
a normalized block sequence {xi)i,zp, if the vector XieF '^i^si is an (n,e)-basic special average, 
Si = maxsupp Xi. Recall that for any n, tti G N and e > there is an (n, £)-basic special average 
X with X > m. 

In this unified terminology we state the next two lemmas, which contain all the properties 
of special averages we shall need in the sequel. 

Lemma 3.6. [23| . [S] Let x — "^i^p ca&i £ X be an {n,e)-basic special average. Then 

On< \\x\\ <e„+e. 

Lemma 3.7. |23| . [S] For every e > and fc G N there exist w(s,k) G N such that for every 
n > w{e,k), for every {n,e)-basic special average x = 'Ylii^p^i^i ^ ^ '^'"^^ every f £ K with 
w{f) > Ok the following holds 

\f{e-'x)\<il+e)wif). (3.2) 

4. Periodic averages and their norm 

This section is devoted to the vectors of a special type in mixed Tsirelson spaces. Their role 
in our construction is to ensure the seminormalization of the associated norming functionals 
building the operator, which in turn provide non-compactness of the operator. The final result 
of this section is stated in Lemma 14.101 

Definition 4.1. Fixno G N, £, e > 0, a block sequence xi, . . . , xnm with c — niaxp=i^...^7VM||2^p|! < 
oo, and parameters {ni)i^ i{Qi)i=o ; satisfying the following 

(PI) qo <no <qi <ni < ■■■ < qM+i, 9q^ < e6l^j2, uq > w{e,qa) and 9q^^^ < 6^^ for all i, 

(P2) for every f E K with w{f) > 9q. we have 

\f{x(k-i)M+i)\ < c(l + e)w{f) for every k and every i=j,...,M. 
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(P3) for every f £ K with w{f) < Oq^^i we have 

|/(2;(fc-i)M+i)| < c(l + £)^n, for every k and every i ^l,...,j. 

Let X — X)fc=i Sfci '^(fc-i)M+j2;(fc-i)M+j ^e o,'^ {no,e)-special average. We shall call the se- 
quence {a;(fe_i)M+j ■ k < N,j < M} an {no,s,s, M) -periodic RIS (rapidly increasing sequence) 
and we shall call x also an {nQ^e^e,M)- periodic average. 

Remarks 4.2. 1) Taking iV = 1 we obtain the standard notion of RIS of special types of vectors, 
originated in [TB] and fl]. 

2) In the case of famihes [An) we have NAl — uq. 

3) In order to construct the operator with desired properties on spaces T[(.A„,^„)„] and 
spaces based on them it is enough to consider only the simplest version of the above notion, i.e. 
with A'' = 1 and M = uq, as it was used in |3j. The full strength of the above notion, making 
use of the periodic repetition of weights in the sequence {xi ) will be necessary in the spaces 
defined by Schreier families. 

M-skipped sets as well as a more complicated form of periodic averages have been used by 
D. Leung and W.K. Tang, |19| . to provide new examples of mixed Tsirelson spaces T[(iS„, 9„)n] 
not isomorphic to their modified version. 

The next proposition gives us upper bounds of the norm of a periodic average. We use in 
the sequel the following notation: for a fixed block sequence (a:„)„ we let s„ — maxsupp(a;„) 
for any n. 

Proposition 4.3. Let x = X]fc=i X^j^i '^(fc-i)Af+j2;(fc_i)7\/_|_j be an {no,e,e, M) -periodic av- 
erage of xi, . . . ,xnm, with N,M G N, 9„„ < 1/10, < e,e < 6'^^, and \\xp\\ < 1 for each 
J) = 1, . . . , NM . Then for every f G K there exists g £ conv{K) such that 

N M 

\f{x)\ < (l + £),g(^^a(fc„i)M+je,,,_^,^,^J+ei+e2 (4.1) 

fc=i j=i 

where w{f) — w{g) if w{f) ^ [^g^j^+i, fl^J otherwise either w{f) — w{g) org — Xe* + {1 — X)9ngh, 
h € K, for some A £ [0, 1], ei = (1 + e)9ni and £2 — 2(-p' + supp ap)(l — 9i)^^ . In particular 

\\9-^x\\<{l+e){l-i-e) + {e,+e2)9~^. 
Moreover if 

4(i-+supap)<(l-0i)03 (4^2) 



'M 



then \\9-^x\\ < {l + 29n 



'^"° '^-\il + 39,J9no ^fw{f)<9,, ^ ' 

Proof. Take the parameters (n^), (qi) defining x as in (PI) and let / be a norming functional 
with the tree-analysis {fa)aeT- For every a G T we set 

Ca = {p ■ fa covers Xp } and Cq = {p : supp Xp C supp /„ } 

ThenC„ = auU^,__C^. Let 

Ik = [(fc - 1)M + 1, . . . , kA4] for k = l,...,N. 

For every a £T we set 

Ua = {p£Ca:p= {k- l)M + j for some k, j and w{fa) £ {9q^+^ , 9q^]}. 

Note that there are no j ^ j' such that (fc - 1)M + j, {k' - 1)M + j' £ Ua. 
We set Ra = Ua if #[/« > 2, otherwise R^ = 0. 
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Let n < h{T). Set Kn — U^a\=nRa- It follows easily that the set Kn is the union of at most 
two M-skipped sets. It follows from p.ip that for every n, 

J2 ap<2i^+ supap)^ 62(1-61). (4.4) 

Inductively for every a G T we define a functional g^ G conv(X) such that 

|/a( Y^ apXp)\ < (1 + e)gai ^ apC,^) + ei + 4 (4-5) 

peCo, peCo, 

where w{fa) = w{ga) if w{fa) ^ [6',„+i, 6'gJ otherwise either w{fa) = w(.ga) or g^ = Ae*^ + 
(1 — X)9noh, ft- e if for some A S [0, 1], and 

£^ = (l + £)6'„i ^ Op and £„ = ^ ap + w(/a) ^ e^- (4.6) 

From (113), (g^ it follows that 

el<e2{l-e,)Y,0'l<e2. (4.7) 

n>0 

If Cq = we set g^ = 0. 

Assume that Ca 7^ 0- If Ca = we set g^ = w{fa) E/3gsucc(q) 5/3, ^a, ^q as in (g^D- 
Assume that Cq ^ 0. We distinguish the following cases, examining the cardinality of Ua- 
CASE 1. Ua = 0. 
In this case we set 

ffa = W{fa)i X! ^*P + Yl 9f}) 
pECa pesucc{a) 

If (fc - 1)M + jeCa and w{f) > 9^^ , (P2) yields 

Ia{a(k-i)M+jX(k-i)M+j) < (1 + e)a(fc-i)A/+j ■(«(/«) (4-8) 

< (1 + £)5a(a(fe-i)M+jes(;„_i)„+,) 
If (fc - l)M + j e Ca and w{,fa) < 6*9^+1, (P3) yields 

Ia{a(k-i)M+]X(k^i)M+j) < (1 +e)6'„^a(i,_i)M+j < (1 + £)9nia{k-i)M+] (4.9) 

< 5a(a(fe-i)M+jes(^_i)„+J + (1 + £)6nta(k-i)M+j- 
For any /3 € succ(q;) we have 

/a( Y apXp) = w{fa)f[3{ ^ apXp) (4.10) 

< (1 + e)w{fa)gpi ^ apCsj,) + w{fa)el + w{fa)ej, by inductive hypothesis 

peCf, 

= (1 + £)gQ( ^ flpCsJ + w(/q)(4 + 4) 
From (113), (113) and (liHTl) we get that (Ii3)) holds, as 

/a( X! "P^P) ^ (1 + ^)9a{ X! "P^«p) + ■^(•^") X! 4 + (1 + ^)^"i X! "P 
PSCq peCc /3esucc(a) pGCq 

C^5£;^. #C/a = 1. 

Let A:o, jo be such that po = (^0 — 1)M + Jo G C/q and 6',^. -|_i < w{fa) < Oq. . We set 

1 e 

where g^ = 0no{T,po^pec^ <^ + E;3esucc(a) 5/3). 
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Since x is an J-",!,, -special average, the set {/^ : C^ 7^ 0} U {sp : p G Ca} is at most Tno~ 
admissible and hence 

ga^Onoi Yl ^*P + Yl gp)&conv{K). 

Po#p£Cq /3Gsucc(q) 

We have 

l/a(a;(feo-i)M+,o)l < 1- (4-12) 

Note that if (k - 1)M + j e Ca for j > jo, (P2) yields 

|/a(x(fe_i)Af+,)| < {l + e)w{U) < (1 +e)YTi^"°' ^^ ^^^^ ^^-^^^ 

= (1 + e) Y^^"o.9a(esp) = (1 + £)5a(e.>) 
Also (P3) and (PI) yield that for every (fc - l)i\/ + je Ca, j < jo 

\Ux^k^i)M+j)\ < (l + m^, < {l + e)j^Jl^. (4.14) 

For any /? G succ(a), as in (|4.10p . we have, using w{fa) < Oq^ < e6^^j2, 

fa{ Yl ^P^P") ^ (1 + ^)9a{ Y^ apCsJ + U>(/a)(4 + sj) (4.15) 

Therefore by gH]), (jil^ . (|ill)) and (jil^ we get 

/a( Y ^P^P^I - "PO + (1 + ^)9a{ Y "P^Sp) + 

+ (l + £)6l„, ^ ap + w;(/„) ^ 4 + ^(/") H 4 

p€Ca /3Gsucc(q) ^£succ(a) 

= Y^(l + ^)"poe;o(epo) + (l + £)5a( ^ apesJ+4 + £a 

PoT^peCa 

= (1 + £).ga( ^ UpCs^) + 4 + 4- 
peCc 
It is clear that (14.51) holds. 



CASE 3. #Ua > 2 

From the definition of Ua we get that there exists jo G {l, ■ • ■ , M} such that (A: — 1)A/ + jo G 
C/q, for at least two k and w{fa) G (^g^ +i, ^gj ]• 

Note that Ufe{(^ ~ 1)M + jo G C/q} is an M-skipped sequence. Let 

ga^w{fa)iJ2 ^*sp+ Yl 3p) 
p£Ca ^Ssucc(a) 

Repeating the reasoning from Case 1 we obtain 

/a( Y Op^^p) < (l+e)^^! Y apesp)+w(/a) Y (4+4) + (l+^)^"i 51 "P 
peCa\Rc P&Ca,\Ra, l3esucc(a) pGCc, 

We have also 



fa{ Y °-P^P^ < Y °-P 

p€Rc peiJc 



which proves 
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For the moreover part, for / e K with w(/) > 6'q„ (|4.ip yields 

|/(e->)l < (1 + %/(C E «P^«.) + (^1 + S2)C (4-16) 

p 

<(l + £)(l + s)w(/) + <,/2 + 02^,/2 
< (1 + Wna)w{f) by the choice e, e < 6*^^^. 
Also for every f ^ K with w(/) < Oq^, (liTTjl yields 

|/(C^)I < (1 + %/(C E «P^«p) + (=1 + ^2)C (4-17) 

p 

< (1 + e) max{0->(/), ^-^ sup a^ + £0„„ HC-" ' ' ^' 



no '"V^ /''''no ='LiJ-'"p ^ ^'^noll'^no -^11/ ^ ''no 
P 



< (1 + 36*, 



Jio^^no 



n 



Remark 4.4. 1) When considering the simplest version of periodic averages, i.e. with iV = 1 
(the case we shall use in the sequel for mixed Tsirelson spaces defined by families (^n)) the 
proof above reduces to the Cases 1 and 2, as #L/q < 1 always, with £2 = 0. In case of spaces 
T[{An, On)n] with 0„n'^ — > 00 for any a > the result follows by |23) . 

2) If in case of T[{An, ^n)n] we take (no, £, £, M)-periodic RIS with A^ > 1, then using that 
NM — no and 6nn°- -^ +00 for every a > we can always choose arbitrary large M and uq to 
satisfy inequality (14. 2p and the "moreover" part to hold. 

Remark 4.5. The above result enables us to construct repeated periodic averages. 

The first inductive step of the construction is provided by the following observation. Fix 
no, A// e N with 6^0 < 1/10 and < £,£ < 6*^^. Let {x(^k-i)M+j)k=i,...,N,j=i,...,M C X 
be a block sequence such that each a;(fe_iuf+j is an (nj,£j)-basic special average, with pa- 
rameters satisfying (PI) and Uj > w(£,qj) for each j. Then by Lemma 13.71 the sequence 
(0~^X(^i._i')M+j)k=i,...,N,j=i,...,M satisfies also (P2) and (P3) and thus we can define an (no, £, £, M)- 
periodic average of this sequence. 

The general inductive step of the construction is given by the following remark. Fix no, M G 
Nwith6'„(, < 1/10 and < £,£ < fl^^,. Consider a block sequence (a:(fc_i)M+s)fe=i,...,-/v,s=i,...,j\/ C 
X such that each a;a._2)A/+s is an (ns, £s, £<,, Ms)-periodic average, with parameters M^, ris, 
(ap,s)p satisfying (j4.2p and £s,£s < ^^V^- Assume also that for some sequence (qs) we have 

ris > w{£s,qs), ^,j,+i < esdlj'i for each s 

and that first two parameters of the sequence (9i,s)jJo defining each x/k-i)M+s is given by 
Qo.s — 9s and qi_s — Qs+i- Then by Prop. 14.31 applied to the sequence ((1 + 36ni)^^0:^^Xp)p^-[ 
the sequence {9n}xi^i^_i)M+s)k=i,...,N,s=i,...,M satisfies also (P2) and (P3) and thus we can define 
an (no, £, £, M )-periodic average of this sequence. 

With the above we are ready to define repeated averages based on the periodic structure 
described above. 

Definition 4.6. A core tree is any tree TZ C U„N" on N with tree order ^ and lexicographic 
order <iex with no terminal nodes and a root with associated parameters (m^)^^-^, C N. For 
any /j, gTZ we let also M^ = # succ(/Lt) . 

Such a tree served as a model for tree-analysis in [3J in (^„) setting. 

Notation. We enumerate nodes of TZ according to the lexicographic order as {^ij)j!^-^, starting 
with fiQ = $. For simplicity we shall write also nij = m^. and Mj — M^^. for any j G N. 
Define also ord(/i) for pi E TZ as ord(0) = and ord(/i) = X^teK- -t^m "^7 f'^^ '^^V l^ ^ ^- 
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Definition 4.7 (Periodic RIS tree-analysis). We say that a vector x E X has a periodic RIS 
tree-analysis of height n G N with core TZ, if there is a family {xa)aeT! indexed by a tree T on 
N of height n with a root and a mapping v : T ^ TZ with the following properties: 

(1) for any terminal node a d T we have \a\ — n and Xa — Ct^ fof some ta G N, 

(2) for any node a € T with |q;| = n — 1 the vector Xa is a "seminormalized" (?tIi,(q), £q)- 
basic special average o/ (x/3)/3Gsucc(a) i-e. Xa = &m\„) Sjgf^ ^^6^ for some Fa G 5,„^,(„) 
and Ea = ^m„,„, • 

(3) for any node a G 7" with \a\ < n—1 the vector Xa is a "seminormalized" {m^jta)i ^a, £a, J^v(a)) 
periodic average of {xp)pfzs-acc{a)! where 

■j(a) + i) ■ k^l,...,Na, j = 1,...,M^(„)}, 



-^((fe-l)Af„(„)+j)2:a"((fc-l)M„(„)+j) 



SUCc(q;) = 


[a- 


-{{k 


- 1)M„(„ 


that is 






No, M^(^) 


Xa 


= ^ml(., 


d; 








fe=i j=i 



with Ea = 6'™„(„)/4, Ea = 6'^„,^, • 



(4) w(0) — and for any a G T with |a| < n — 1 we have 

v{a'~{{k-l)AI^(^a)+3)) = y{a)'~J, k^l,...,Na, j = 1, . . . , A'4(„), 

Remark 4.8. 1) If we consider the simplest version of the above notion, setting Na — 1 for 
every node a E T with jaj < n — 1, we obtain the notion of "repeated averages" of [8J. 

2) Notice that in the case of families (An), if we consider the simplest version of periodic 
averages, i.e. N^ = 1 for each a with |a| < n— 1, then M^^ia) — ^^via) ^^'^ thus we can identify, 
via the mapping v, the tree T with restriction 7<!,n U"^o^* of the tree TZ. Here our construction 
coincides with the approach of [3J . 

3) For any /i G 7?. the family {xa)v{a)=fj. is J\)rd(/j)-a'dmissible. 

4) Notice that supp x G Sp^ , for some p„ depending only on the core tree TZ and the height 
n. 

Given a vector x with a periodic RIS tree-analysis {xa)aeT ^-s hi Def. 14.71 we define in a 
natural way an associated norming functional f £ K with a tree-analysis {fa)a£T '"^ follows 
(with the notation of Def. 14. 7p : 

(1) for any terminal node a G T we set fa = el , 

(2) for any node a G T with |a| = n — 1 we set fa — ^m„(„) SieFa ^i > 

(3) for any node a G T with |a| < n — 1 we set 

fa = 0m^,^^ 22 z2 /a"((fe-l)M„(„)+j) 
k=l j = l 

For any fi G TZ let Cfj_ — Y[-/^n ■y=in ^m-, ■ For simplicity, with abuse of notation we shall write 
c^^ = Cj for any j G N. 

Notice that for any a G 7" with v(a) = /i we have /Isupp/c — Cf^ fa- 
Remark 4.9. The key-property we achieve building repeated averages on the periodic RIS 
sequences in (iS„) setting is the following: whereas the number of descendants of each node 
in a G T can be arbitrary large, depending on minsuppx, we keep the number of weights of 
descendants of each node a G T depending only on the parameter A/^ of the node jj, d TZ with 
v{a) = /i. Therefore having fixed at the beginning a core tree TZ we control the number of 
weights of any level of the tree-analysis of any norming functional with a core 7?,. 

Lemma 4.10. With the above notation assume the following conditions: 

(RO) rrij+i > w(0^„./4, (7j) with some Qj G N satisfying Oq. < 6^. for any j G N, 
(Rl) e^^ < 1/2J+1 /or any j G N, 
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(R2) M, > 4(1 - 0i)-i^4 f^^ ^^y ^ g j^^ 

Then for any n there exists a vector x (z X with periodic RIS tree-analysis modeled on a core 
tree TZ with parameters [rrij) and (Mj) of height n. Moreover, for every a Cz T with \a\ < n it 
holds 

\\xo.\\< n (1 + 3^™.) (4-18) 

3- ImjI>I" 
In particular \\x\\ < 3 and 1/3 < ||/|| < 1, where f is the norming functional associated to x. 

Proof. Existence follow by Remark 14.51 We shall prove the "Moreover" part inductively on 
the level of a £ 7~. For |a| — n — 1 we have that Xa = Q^ , X^ieF '^*^« ^^ ^ seminormalized 
("^t;(Q)j £a)-basic special average with Eq < 0^ , thus by Lemma 13.61 we finish the proof. 

Assume that (j4.18p holds for every /5 e 7^ with 0<|/3| = A:<n— 1. Let a G 7^ with 
|q;| = A: — 1. Then we have that 

k=l j=l 

The assumption on {Mj) and condition on e^ in Def. 14.71 guarantee that the "moreover" part 
of Prop. 14.31 holds true, therefore 

llXall <(l + 30„„,^,) H il+30ra,) 

< n (1+3^™.)- 

In particular by (Rl) we get ||a::|| < 3 and, as f{x) — 1, 1/3 < ||/|| < 1. D 

Remark 4.11. Similar conditions were considered in |3J as a tool to prove seminormalization 
of the sequence of norming functionals defining the non-trivial strictly singular operator on 
Schlumprecht and Gowers-Maurey space. 

5. Construction of the operator 

We recall now the general idea of constructing Banach spaces of various properties, as HI 
spaces, on the base of mixed Tsirelson spaces, started by W.T.Gowers and B.Maurey in (An) 
setting [TH] and S.Argyros I.Deliyanni in (Sn) setting [4J. 

Let X = T[{Fn, dn)n] be a regular mixed Tsirelson space, with {Fn) = {An) or (iS„). We fix 
also sequence {pi)ii^L \ 0, with infinite L C N, such that pi > 9i for any / G L. 

Let >V = {(/i,...,/fe): /i <---<Aecoo(Q),||/,;||oc<l, i - 1, . . . , fc, fc G N} and fix an 
injective function a : W ^ N. For any D C coo(Q) define 

Dn ^lOn^ff. fi,...,fkeD, (/i, . . . , fk) J"„-admissible, fc e N i , n G N 

Df =lpiY,Ef,: fi,...JkeD, (/i, . . . , fk) (a, J-0-admissible, E CN interval, fc G N I , leL 

where a block sequence (/i, . . . , fk) is (cr, J^i)-admissible, if (/i, . . . , fk) is J-j-admissible, /i G 
UneN Ai a-nd /j+i G £'£7(/i,. ..,/,) for any i < k. 
Consider a symmetric set D C coo(Q) such that 

(1) (±e:)„ C D, 

(2) DciJneNDnUUieLD?, 

(3) DnC D for any ne N. 
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Define a iiorm on cqo as \\x\\d = sup{/(a;) : / G D}, x G cqo, denote by Xb the completion of 
(coo, IMId)- Obviously the u.v.b. (e„) is a basis for Xd- Moreover Xe, is reflexive in case of 
Schreier families, see for example [10_, as well as in case of families (.4„), provided 0„ > - for 
at least one n G N. 

The family of spaces described above include the classical mixed Tsirelson spaces T[(J>t, 0„)„] 
(taking L — fi and p„ = 9n for example) as well as Gowers-Maurey space and asymptotic €i 
HI spaces introduced by S.Argyros and I.Deliyanni in [^. 

The following lemma describes the only properties of Xjj we shall need in the sequel. In 
fact our construction of the non-trivial strictly singular operator hold true for any space Z not 
containing cq with the properties (Dl), (D2), (D3) stated below. 

Lemma 5.1. The space Xjj satisfies the following 

(Dl) the dual unit ball in X'^ is closed under (Tn, 9 „)- operations on block sequences, 

(D2) the u.v.b. of Xd is (J-'n)- equivalent to the u.v.b. of X , i.e. there is C > 1 and an 

increasing sequence (in) C N such that for any n and in < F G J-n the sequences 

{ei)i^F in X and {ei)i^F in Xjj are C-equivalent, 
(D3) for any f G X'^ with ||/||d < 1 and any I E L we have {n : |/(e„)| > pi} G Ti, 

Notice that in case of families (An) condition (D2) states that the spreading model of the 
u.v.b. oi Xd is C-equivalent to the u.v.b. oi X. 

Proof. (Dl) follows from (3) in definition of D. The property (D2) in case of Schreier families 
is proved in [21j (proof of Cor. 4.7), the same reasoning works in (An) case, in case of Gowers- 
Maurey space (D2) was proved in [3]. (D3) follows immediately from (2) in definition of D. D 

In order to construct a non-trivial strictly singular operator on Xjj under appriopriate condi- 
tions on {9n) we shall define first a core tree TZ with parameters {nij), (Mj) satisfying conditions 
(RO), (Rl), (R2) and additional ones stated below. Having this we take the block sequences 
(Xn) ,(/") where each a;„ is defined by a periodic RIS tree-analysis with core TZ of height n, 
and /„ is associated to a;„. By Lemma 14.101 and properties of Xd the functionals (/„) are 
seminormalized and we show that for appropriate sequences (r„), (i„) the operator T defined 
by T{x) — ^^ frn{x)et„ is a bounded strictly singular non-compact operator on Xd- 

We consider first the case of spaces defined by Schreier families. Fix a sequence (0„) \ 
with 9n9k < 9n+k for any n, k and assume additionally that there is some some c > such that 
for every fc G N the following holds 

liniinf%^>c. (5.1) 

n 9n 

Remark 5.2. Notice that the above property is satisfied for example if 6*,/" ^> 1, as n — > oo. 
Fix a core tree TZ on N. Given any fij E TZ, j > 0, let 

Ij^i^eTZ: |/3| = l/Ujl,^ >iex tij} U y succ/3 

|/3t = lMjl,/5<iex/^j 

and rij — #/j. 

Using condition (|5.ip pick an increasing sequence (fcr)r C N with 9r+kl9k > c for any k > k^ 
and r G N. 

Now consider a block sequence (a;„) such that each Xn has a periodic RIS tree-analysis 
(x^)Q,g7-„ of height n G N with core TZ. We take the associated norming functionals (/„) with 
a tree-analysis {fa)a&T„- Note that the functionals (/„) belong also to the norming set of the 
space X. 
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Lemma 5.3. Let r G N, /3 £ TZ with mp > fcr+ord(;3)- Then for any F G iS,- with F > |/3| we 
have 

II E E f^\\^<^-'- 

neF aeT„,v{a)=l3 

Proof. Recall that each /^, v{a) ^ fj.p, n > |/3|, is of the form /^' = 61™^ Y.-y^sncc(a) /" > "^i^h 
J^)7esucc(Q) 5m^ -admissible. On the other hand (/„ )u(a)=M,j is 5ord(A<3)-admissible by Remark 
(3). Therefore 

9 = ^m^+ord(,3)+r E E E ■^7 



-1 



is in the norming set of Xo by (Dl). Since m^ > fcr+ord(^) it follows that ^ ^ < c 

Therefore 

and the result follows. D 

Lemma 5.4. Fia; j,r gN, j > 0. Assume </ia< for any /3 G /j we have mp > fcr+ord(^)- Then 
for any F G Sr with F > |/ij| we have 

IIE/--E E '^xii<^ 

nGF neF v(a)=fij 

Proof For every /3 G /■, Lemma 15.31 yields 

iiE E fn<c-'. (5.2) 

n&F aeT„:v{a)=l3 

As each /„, n > j is of the form 

/" = E E ^^/"+ E c^/""' 

with each cp G (0, 1), using (j5.2p we get 

IIE/--E E -^xiHiiEE E ^/'/""ii 

<EiiE E /:ii^T 

Pelj neF aeTn:u{a)=l3 

and we finish the proof. D 

Remark 5.5. These Lemmas show the crucial technical difference between (An) and (iS„) cases. 
In (.4„) case we are able to produce a suitable sequence (a;„) with a tree-analysis {xa)a^-j-^ 
modeled on some core tree 7?, in a such a way, that on a fixed level of each tree Tn we have the 
same number of nodes and the nodes form a RIS. 

To achieve analogous situation in the spaces defined by Schreier families, we have to introduce 
periodic repetition in the structure of RIS, cf. Remark 14.91 Recall that in the periodic RIS tree- 
analysis with a fixed core we allow (as it is inevitable in case of Schreier families) the number of 
nodes of any fixed level of trees Tn to increase as n — 5- cx). However, we keep the same number 
of weights at each fixed level, i.e. {'w{f2) ■ a G Tn, |a| — 1} = {"t-,3 : (3 G TZ, |/?| = 1} for any 
n G N and any fixed level I. 

With this property we are able to prove Lemma 15.41 crucial for the estimation providing 
strict singularity of the constructed operator. On the other hand Lemma 15.31 ensures that any 
functionals related to the same node in TZ produces a co-average. This approach allows us to 
obtain tight estimates of norms of sums of considered functionals. 
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With this preparation we are ready to prove the following theorem, whose proof extends the 
method of Prop. O 

Theorem 5.6. Let a sequence (0„) \ with Ondk < On+k, n,k G N, satisfy the following 
condition for some c > 

lim inf — - — > c for any fc G N . 
n 6'„ 

Then there is a bounded strictly singular non- compact operator T on the space X^ defined by 
the families (Sn)- 

Proof. We pick a core tree TZ with parameters (mj)j>Q, {Mj)j>q and an increasing sequence 
{^j)j>o C L inductively on j to satisfy (RO), (Rl), (R2) and the following 

(R3) pr, iE^<, M, + E.<j m,) < i, J G N, 

(R4) K.+ordii,,) < mj, j G N. 
We describe the inductive construction: we choose freely mo, mi, ri and Mq, Mi satisfying (R2). 
Fix j £ N, j > 2 and assume we have defined m^ with i < j. Then we have also {Mi)i^j and 
ord(//j) and we choose rj to satisfy (R3) and nij to satisfy (RO), (Rl) and (R4). Then we 
choose Mj to satisfy (R2). 

By Lemma [4.101 there is a block sequence (a;„) C X with a tree-analysis with core 7?. and 
the block sequence of associated norming functionals (/„) C X* so that ip^ < a;„, where 
suppxn G Sp^ for each n G N (see Remark 14.81 (4)). Thus, with the abuse of notation, by 
(4S„)-equivalence of the basis in X and Xd, we shall treat vectors (x„) as elements of Xd and 
(/„) as elements of Xf^. 

Claim. With the above notation the following hold 
(Fl) the sequence (fn) is seminormalized in X^, 
(F2) for any j G N, any F G 5r +i with j + 1 < F we have 

neF neF aeT„:v(a)=i.ij 

(F3) for any j G N and n G N with n > \fij\ + 2 we have 

II E a\D<l. 

To show the Claim apply Lemma [4. 101 in X, obtaining ||/„[| > 1/3 for any n G N. Therefore 
by the condition on the supports of a;„ and (D2) we obtain ||/„||d > 1/3C, n G N. The condition 
(R4) implies that for any j > we have m/i > A:,. _|_ord(^) for ^-^y P G Ij (^s min;ea; Ij = /ij+i 
and (kr) increases), therefore (F2) follows by Lemma [?^ as \fij\ < j. To prove (F3) use Lemma 
for r = 0. 



Remark 5.7. The above Claim shows why we cannot apply directly Prop. 12.11 here; while 
assumption (1) in Prop. I2.1l has its counterpart in property (D3), instead of assumption (2) of 
Prop. I2.1l we have (F2) and (F3), which requires additional estimations. 

We continue the proof of the theorem. 

For any n € N let gn — fr„+i- We define an operator Tx — J2neN9rii^)^tn '^^ ^^Y ^ G -^d 
with finite support, where t„ = V„+i for each n G N. We shall show that T is bounded and 
strictly singular. Notice that T is non-compact, as the sequence (/„) is seminormalized by (Fl). 

We take any x G X^ with a finite support and a norming functional / with f{Tx) = ||Ta;||. 
Let for any j 

B, - {n G N : p,^+, < \f{etj\ < Pr, }, D, = B, n {1, . . . , ^ A/, + ^ mJ, 

i<3 i<j 
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For any n e Bj\ Dj let /i„ = .g„ - CjU„, where u„ = J2a£T„:via)=fij /«"'*''• For any j £ N put 
Cj ={ne B, \ D, : K{x) > 0, /(e^J > 0} 
C] = {n G B, \ D, : K{x) < 0, /(e^J > 0} 
C| = {n G B, \ I?, : /i„(x) > 0, /(e^J < 0} 
Cf = {n G B, \ D, : /z„(x) < 0, /(e* J < 0} 

Notice that each set {ir„^i '■ n G C''} G ^rj+i with {ir„+i : 't^ G CH > Vj+i for each j by (D3). 
Now compute 

jo — 1 oo 

\\Tx\\n < E I E 3"(^)/(e*JI + E I E 9n{x)f{etJ\ (5.3) 

oo oo 

+ El E '^nix)f{etJ\ + \\J2'^3 E ""(2;)et„lb- 

i=jo neBj\Dj j=jo nGBj\Dj 

Estimate the second term by (R3) 

oo oo oo -. 

El E 9n{x)f{etJ\< J2 Pr,CEM^ + Y.m,)\\x\\D < E^ll^ll^ 

j=jo neDj j=jo i<j i<j j=jo 

Estimate the third term by Lemma 15.41 

oo oo 4 

E I E /^"W/(e*Ji < E E I E f^n{x)f{e,j\ 

j=jo n£Bj\Dj j=jo fc=l neC^ 

oo 4 

^ E E I E '^"(^)l „^^^. I/(^*")I by (F2) 

oo , . oo ^ 

^ E -pr,nj\\x\\D < - E ^W^Wd ■ 
J=Jo j=jo 

where the last inequality follows from (R3) and the fact that Uj < J2i<i ^^i- 

In order to estimate the last part pick ko such that /ij„ G succ(/ifc„) and compute 

oo oo 

llEcj E w»(^)et„lb < E ^'=^"'=11 E E ^nix)etjD< ■■■ 

j=jo n£Bj\Dj k=ka fij£succ{ij.k) neBj\Dj 

Notice that Fk = {ir„+i : n E Bj\ Dj, fij G succ(/ifc)} G Sr +i+mfc for each fc G N, where 
jk — max{j : fij G succ(/ife)}. By definition of Dj we have also Fk > ir +mk- Therefore we 
continue 

oo 

■•■<CE^'".II E E "«(^)e*JI by(D2) 

k=ko fj,j£succ{fj,k) n£Bj\Dj 

„ oo 

< - V 0,nJx\\ by Fact [33] and (F3) 

c ^-^ 

k^ko 

C °° 1 

^7 E ^11=^11^ by (Dl) and (Rl). 

k^ko 

To show boundedness of T take jq = 1. The first term of (|5.3p does not appear and the result 
follows from the above inqualities. 
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To show strict singularity we have to handle the first term of estimation (j5.3p . Consider 
the norm ||-||gj with G = {gn ■ n e N} and T = iSr +i defined as in Remark 11.11 As 
II'IIg < ^r^ II 'lie t>y (Dl) and Xd is reflexive it follows that for any e > in any block 
subspace of Xu there is a vector x of norm 1 such that ||a;|JG < £■ 

Assume the vector x € Xd satisfies ||a;||D = 1 and ||a;||G < -i^. As in the estimation (|2.ip we 

Jo 

obtain 



J2 1 E 9nix)f{etj\ < E E iff"(^)i i/(e*")i ^ - 

j = l nGBj j = l neBj "^ 

Putting together all the above estimates we obtain 



\Tx\\n <-' ^ ' ^ 



jo c2Jo-i 02^^0-1 • 

Since we can pick such vector x for any jo and in any block subspace of Xjj , and fco — >■ oo as 
jo ^^ cxD, we finish the proof of strict singularity of T. D 

Remark 5.8. In the case the space Xd is an HI space we can prove the strictly singularity 
of T using that its kernel is infinite dimensional. Indeed for the complex case it follows by 
Gowers-Maurey result for the operators in complex HI spaces [T^, while for the real case it 
follows from Argyros-Tolias result |TT] . 

Now we discuss the case of families (An)- 

Theorem 5.9. Let a sequence (0„) \j with OnOk < Onk, n,k E N, satisfy 0„n" -^ oo for any 
a >0. 

Then there is a bounded strictly singular non-compact operator T on the Xd defined by the 
families {An). 

The proof goes analogously and is much simplified, as we are able to use only usual averages, 
without taking periodic repetition of the RIS structure, cf. Remark 15.51 For this reason we 
shall not repeat the reasoning, but indicate the technical differences. 

Notice first the following 

Fact 5.10. Let the sequence (On) satisfy the assumption of the Theorem. Then for any fc G N 
we have 

lim inf = 1 

To prove the Fact notice that with the assumption on (0„) can write 9n as 9n = 1/n^/'", 
n G N, with qn /^ co. Thus 

Onk n'I'i- ^1/9"- 1/9"'= 1 

-ir- = / , M , — ~ — m > T-Ti ^ 1' as n — > oo 

Qn {nk)^l<i^-^ k^ll^k - k^/qnk 

We take now a core tree TZ with parameters {rrij) and (Mj) = {nij) and an increasing sequence 
(tj ) satisfying suitably modified conditions for any j G N: 

(RO) nij+i > w{df^. /4, qj) with some qj G N satisfying 6q^ < 6'^. for any j G N, 

(Rl) Oruj < 27TT, 

(R2) m, >4(l-0i)-i04, 

(R3) er,(E.<,"i.)<^, 

(R4) kr- < nij. 

We describe the inductive construction. As by the assumption OnU^^^ — > picking {nij) at each 
step large enough we ensure (R2). We choose freely mo,mi,ri. Fix j G N, j > 2 and assume 
we have defined rui with i < j. Then we have ord(/Xj) and we choose rj to satisfy (R3) and mj 
to satisfy (Rl) and (R4). 
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We take a block sequence (a;„) with a RIS tree-analysis {x2)a£T„ of the simplest form: for 
any a € Tn we have Na — 1. According to the Remark |4. 81 (2) we can regard each tree %i as 



Lemma f5.4l takes a simpler form in such a situation. We pick an increasing sequence (fcr)r C N 
such that 9rk/dk > 1/2 for any k > kr and any r G N. Then given j, r e N, j > with nip > fc^ 
for any /3 £ Ij we have for any F C N with F > j, ^F < r the following 

iiE/""E^M./;iii<2«.- 

The rest of the reasoning in proof of the theorem above follows straightforward. 

Remark 5.11. In a recent work S.A. Argyros and P. Motakis, [9], present an example of a 
reflexive HI Banach space Xjsp, built on the Tsirelson space, with the property that for every 
three strictly singular operators Ti, T2, T3 on Xjsp the composition operator T1T2T3 is compact. 
This yields that every strictly singular operator on Xjsp has an invariant subspace. The above 
result leads to the following question. 

Let X be an HI Banach space built on a mixed Tsirelson space defined by the Schreier 
families (Sn)- Does there exists n e N such that for every strictly singular operators Ti, . . . , r„ 
the operator Ti . . . r„ is compact? 



[1 

[2 

[3] 
[4] 
[5 
[6] 
[7] 
[8] 
[9 
[10] 

[11 
[12 
[13 

[14] 
[15 
[16 
[17] 
[18] 
[19 
[20] 



References 

Alspach, D.; Argyros, S.A., Complexity of weakly null sequences, Diss. Math. 321, 1-44 (1992). 

Androulakis, G.; Odell, E.; Schlumprecht, Th.; Tomczak-Jaegermann, N. On the structure of the spreading 

models of a Banach space, Canad. J. Math. 57 (2005), no. 4, 673-707. 

Androulakis, G.; Schlumprecht, Th., Strictly singular, non-compact operators exist on the space of Gowers 

and Maurey, J. London Math. Soc. (2) 64 (2001) 655-674. 

Argyros, S. A.; Deliyanni, I., Examples of asymptotic li Banach Spaces, Trans. Anier. Math. Soc. 349 

(1997), 973-995. 

Argyros, S. A.; Deliyanni, I.; Kutzarova, D. N., Manoussakis, A., Modified mixed Tsirelson spaces, J. Funct. 

Anal. 159 (1998), no. 1, 43-109 

Argyros, Spiros A.; Deliyanni, Irene; Tolias, Andreas G., Strictly singular non-compact diagonal operators 

on HI spaces, Houston J. Math. 36 (2010), no. 2, 513-566. 

Argyros, S A.; Haydon, R. A., Hereditarily indecomposable Jfao-space that solves the scalar-plus-compact 

problem. Acta Math. 206 (2011), no. 1, 1-54 

Argyros, S.A.; Mercourakis, S. and Tsarpalias, A., Convex unconditionality and summability of weakly null 

sequences, Israel J. Math. 107 (1998), 157-193. 

Argyros, S.A.; Motakis, P., A reflexive HI space with the hereditary invariant subspace property, 

arXiv:1111.3603 

Argyros, S.A,; Todorcevic, S., Ramsey methods in analysis. Advanced Courses in Mathematics, CRM 

Barcelona, Birkhauser Verlag, Basel, 2005. 

Argyros, S.A.; Tolias, A., Methods in the theory of hereditarily indecomposable Banach spaces. Mem. Amer. 

Math. Soc. 170 (2004), no. 80. 

Beanland, K., Operators on asymptotic £p spaces which are not compact perturbations of a multiple of the 

identity, Illinois J. Math. 52 (2009), no. 2, 515-532. 

Gasparis, I., Strictly singular non-compact operators on hereditarily indecomposable Banach spaces. Proc. 

Amer. Math. Soc. 131 (2003), no. 4, 1181-1189 

Gowers, W.T., A remark about the scalar-plus-compact problem. Convex geometric analysis (Berkeley, CA, 

1996), 111-115, Math. Sci. Res. Inst. Publ., 34, Cambridge Univ. Press, Cambridge, 1999 

Hajek, Petr; Montesinos Santalucia, Vicente; Vanderwerff, Jon; Zizler, Vaclav, Biorthogonal systems in 

Banach spaces. CMS Books in Mathematics/Ouvrages de Mathematiques de la SMC, 26. Springer. 

Kutzarova, D.; Manoussakis, A.; Pelczar-Barwacz, A., Isomorphisms and strictly singular operators in 

mixed Tsirelson spaces, J.Math.Anal.Appl. 388 (2012) 1040-1060. 

Lindenstrauss, J., Some open problems in Banach space theory, Seminaire Choquet. Initiation a ISanalyse, 

15 (1975-1976), Expose 18, 9 p. 

Gowers, W. T.; Maurey, B., The unconditional basic sequence problem, J. Amer. Math. Soc. 6 (1993), no. 

4, 851-874. 

Leung, Denny H.; Tang, Wee-Kee, More mixed Tsirelson spaces that are not isomorphic to their modified 

versions, Illinois J. Math. 52 (2008), no. 1, 17-46. 

Manoussakis, A., On the structure of a certain class of mixed Tsirelson spaces, Positivity, 5 (2001), no. 3, 

193-238. 



STRICTLY SINGULAR NON-COMPACT OPERATORS ON A CLASS OF HI SPACES 19 

[21] Pelczar-Barwacz, A., Strictly singular operators in asymptotic £p Banach svaces. ,arXiv:1109. 58741 

[22] Pelczynski, A.; Semadeni, Z., Spaces of continuous functions. III. Spaces C{Q) for fl without perfect subsets. 

Studia Math. 18, 1959, 211-222 
]23] Schlumprecht, Th., An arbitrarily distortable Banach space, Israel J. Math. 76 (1991), no. 1-2, 81-95. 

Department of Sciences, Technical University of Crete, Greece 
E-mail address: amanoussaaegean.gr 

Institute of Mathematics, Faculty of Mathematics and Computer Science, Jagiellonian Uni- 
versity, LojAsiEwiczA 6, 30-348 Krakow, Poland 
E-mail address: anna.pelczaraim.uj.edu.pl 



